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Abstract
Inferences about hypotheses are ubiquitous in the cognitive sciences. Bayes factors provide one general way
to compare different hypotheses by their compatibility with the observed data. Those quantiﬁcations can then
also be used to choose between hypotheses. While Bayes factors provide an immediate approach to hypothesis
testing, they are highly sensitive to details of the data/model assumptions and it’s unclear whether the details
of the computational implementation (such as bridge sampling) are unbiased for complex analyses. Here, we
study how Bayes factors misbehave under different conditions. This includes a study of errors in the estimation
of Bayes factors; the ﬁrst-ever use of simulation-based calibration to test the accuracy and bias of Bayes factor
estimates using bridge sampling; a study of the stability of Bayes factors against different MCMC draws and
sampling variation in the data; and a look at the variability of decisions based on Bayes factors using a utility
function. We outline a Bayes factor workﬂow that researchers can use to study whether Bayes factors are robust for their individual analysis. Reproducible code is available from https://osf.io/y354c/.
Translational Abstract
In psychology and related areas, scientiﬁc hypotheses are commonly tested by asking questions like “is
[some] effect present or absent.” Such hypothesis testing is most often carried out using frequentist null hypothesis signiﬁcance testing (NHST). The NHST procedure is very simple: It usually returns a
p-value, which is then used to make binary decisions like “the effect is present/absent.” For example, it is
common to see studies in the media that draw simplistic conclusions like “coffee causes cancer,” or “coffee
reduces the chances of getting cancer.” However, a powerful and more nuanced alternative approach exists:
Bayes factors. Bayes factors have many advantages over NHST. However, for the complex statistical models that are commonly used for data analysis today, computing Bayes factors is not at all a simple matter. In
this article, we discuss the main complexities associated with computing Bayes factors. This is the ﬁrst article to provide a detailed workﬂow for understanding and computing Bayes factors in complex statistical
models. The article provides a statistically more nuanced way to think about hypothesis testing than the
overly simplistic tendency to declare effects as being “present” or “absent.”
Keywords: Bayes factors, Bayesian model comparison, prior, posterior, simulation-based calibration
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In the cognitive sciences and related areas, recent years have
seen a rise in Bayesian approaches to data analysis. Many cognitive science journals have published special issues on Bayesian

data analysis, including methodological journals such as the Journal of Mathematical Psychology (Lee, 2011; Mulder & Wagenmakers, 2016) and Psychological Methods (Chow & Hoijtink,
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2017; Hoijtink & Chow, 2017), but also the more experimental
journal Psychonomic Bulletin & Review (Vandekerckhove et al.,
2018). Other introductory articles have been contributed (see
Doorn et al., 2021; Etz et al., 2018; Etz & Vandekerckhove, 2018;
Nicenboim & Vasishth, 2016; Sorensen et al., 2016; Vasishth et
al., 2018). That Bayesian analyses are so prominently discussed
and used is an indication that Bayesian approaches are becoming
increasingly mainstream (Gelman et al., 2013).
Bayesian data analysis plays an important role in cognitive science
as it allows us to quantify the evidence in favor of one hypothesis
over another, while taking the uncertainty of the parameters into
account. Such Bayesian hypothesis testing can be implemented using
Bayes factors (Gronau et al., 2017; Heck et al., in press; Jeffreys,
1939; Kass & Raftery, 1995; Rouder et al., 2018; Wagenmakers et
al., 2010; for a critique of Bayes factors see Navarro, 2019; for Bayes
factor design planning see Schönbrodt & Wagenmakers, 2018; Stefan et al., 2019).
Although Bayes factors are increasingly being used in the cognitive sciences and other ﬁelds of science (Heck et al., in press),
there are several important issues with Bayes factors that researchers should take into account:

considerable noise. Bayes factors—just like frequentist p-values or
any quantiﬁcation of evidence—can vary considerably between
replications of the same experiment. Excessive variation is a consequence of properties of the experimental design (the strength of
the experimental manipulation, sample size, measurement error,
etc.), which limits the conclusions that can be drawn from individual data sets (Oelrich et al., 2020).

Issue 1: Bayes Factors in Complex Statistical Models
Can Be Unstable

Issue 5: Discovery Claims Using Bayes Factors Require
Decision Theory

For most interesting problems and models in cognitive science,
Bayes factors cannot be computed analytically. Instead, approximations are needed. One major approach is to estimate Bayes factors based on posterior MCMC draws via Savage–Dickey method
(Dickey & Lientz, 1970) or bridge sampling (Bennett, 1976; Meng
& Wong, 1996), implemented in the R package bridgesampling
(Gronau et al., 2020). The approximate Bayes factor estimate may
be unstable if insufﬁcient MCMC draws are used, leading to different Bayes factors each time the analysis is performed (see Gronau et al., 2020). This sensitivity of the estimator to the particular
Markov chain realization is also known as the variance of the
estimator.

We should not confuse inferences with decisions. Bayes factors
provide inference on hypotheses. However, to obtain discrete decisions, such as to claim discovery, from continuous inferences in a
principled way requires utility functions.
In order to quantify the performance of a decision-making process, we need to be able to quantify the consequences of any particular outcome. For example, what are the costs of choosing the
wrong model and what are the beneﬁts of choosing the right
model? A utility function makes this quantiﬁcation explicit,
assigning to each outcome a total value for the total beneﬁts less
the costs. By studying the range of utilities that a decision-making
process can generate, we can understand how useful we expect it
to be in the context of any particular application.
In contrast to the utility-function based approach, common decision heuristics (e.g., using Bayes factor larger than 10 as a discovery threshold, as suggested by Jeffreys, 1939) do not provide a
principled way to perform decisions; they are merely conventions
and do not allow us to determine the consequences of making a
discrete decision. Frequentist null hypothesis signiﬁcance testing,
for example, bases testing not on inferences but rather on false discovery rates and true discovery rates; these are examples of utility
functions. To ensure that Bayes factors inform useful hypothesis
tests, we need to deﬁne relevant utility functions and investigate
the performance of Bayes factors in that context.
In the cognitive sciences, because it is often unclear how to
deﬁne good utility functions, we argue that Bayesian decision
making is premature: Inferences based on continuous Bayes factors should be reported instead of decisions.
In this article, we investigate these ﬁve different aspects of the
performance of Bayes factors. A longer version of this article,
with more details, including an example workﬂow analysis and R
code to implement some of the analyses is available on arXiv
(arXiv:2103.08744).

Issue 2: Bayes Factor Estimates Can Be Biased
Even if the estimation of Bayes factors via bridge sampling
yields stable results, it is still unclear whether the computations
are accurate or biased for complex problems, that is, whether the
approximate Bayes factor estimate actually corresponds to the true
Bayes factor. This stable error in the estimator is also known as
the bias of the estimator. This potential bias is concerning, as—for
realistic complex models—there is no guarantee that the Bayes
factor estimate we obtain is correct. It is therefore crucial to calibrate Bayes factor estimates, which we do in the present work.

Issue 3: Bayes Factor Estimates Can Vary Dramatically
Due to Sampling Variability
Any variability that is present in the data will also impact the
results from Bayes factor analyses. Any inferences and decisions
will always depend on the particular details of observed data and
there’s no way around that. Accordingly, computing Bayes factors
does not mean that we can obtain some abstract and reliable
“truth” from some observed data, which is still sampled with

Issue 4: Bayes Factors Can Be Highly Sensitive to Priors
The results of Bayes factor analyses can be highly sensitive to
and crucially depend on prior assumptions about model parameters
even in cases where posterior distributions remain virtually
unchanged (Aitkin, 1991; Gelman et al., 2013; Grünwald, 2000;
Liu & Aitkin, 2008; Myung & Pitt, 1997; Vanpaemel, 2010). That
is, in Bayesian inference, researchers specify a priori assumptions
about which parameter values they consider most likely before
seeing the data. The same likelihood and data with different priors
can lead to very different Bayes factors.
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A Quick Review of Bayesian Methodology
Statistical analyses in the cognitive sciences often pursue two
goals: to estimate parameters and to test hypotheses. Both of these
goals can be achieved using Bayesian data analysis. Bayesian analyses focus on an “observational” model M, which speciﬁes the probability density of the data y given the vector of model parameters H
and the model M, i.e., pðy j H; MÞ, or by dropping the model,
pðy j HÞ. It is possible to use the observational model to simulate
data, by selecting some model parameters H and drawing random
samples for the data ey . When the data is given (ﬁxed, e.g., observed
or simulated), then the observational model turns into a likelihood
function: pðy j HÞ ¼ Ly ðHÞ; this can be used to estimate model parameters or to compute evidence for the model relative to other models. To estimate parameters, in Bayesian data analyses the likelihood
is complemented by the prior model, written p(H), that deﬁnes a
probability distribution that encodes domain expertise. Bayes’ rule
speciﬁes how to combine the likelihood and the prior to compute the
posterior distribution of the model parameters pðH j y; M1 Þ:
pðy j H; M1 ÞpðH j M1 Þ
pðH j y; M1 Þ ¼
pðy j M1 Þ

(1)

Here, pðy j M1 Þ is a normalizing constant termed the “evidence”
or “marginal likelihood,” which is the likelihood of the data y
based on the model M1 independent of the parameters H. The
marginal likelihood can only be interpreted
relative to other modð
els. It is derived as pðy j M1 Þ ¼ pðy j H; M1 ÞpðH j M1 ÞdH.
Note that there is a key role of priors in this computation. Priors
play an important role in Bayesian inference as they can regularize
inferences when the data do not inform the likelihood functions
strongly. However, they will inﬂuence marginal likelihoods even
when the data are strongly informative, and are thus even more
crucial for Bayes factors than for posterior distributions (Aitkin,
1991; Gelman et al., 2013; Grünwald, 2000; Liu & Aitkin, 2008;
Myung & Pitt, 1997; Vanpaemel, 2010).
For very simple models, posterior density functions can be computed analytically. However, for most interesting models this is not
possible and we have to rely on approximate methods. One such
approach is sampling methods such as Markov chain Monte Carlo
sampling, which is the method behind popular software implementing Bayesian analysis such as Stan (Carpenter et al., 2017), JAGS
(Plummer, 2003), WinBUGS (Lunn et al., 2000), PYMC3 (Salvatier et al., 2016), Turing (Ge et al., 2018), and others.

Inference Over Hypotheses
Bayes factors provide a way to compare any two model hypotheses (i.e., arbitrary hypotheses) against each other by comparing
their marginal likelihoods (Betancourt, 2018; Kass & Raftery,
1995; Ly et al., 2016). The Bayes factor tells us, given the data
and the model priors, how much we need to update our relative
belief between the two models.
To derive Bayes factors, we ﬁrst compute the model posterior,
that is, the posterior probability for a model Mi given the data:
j Mi Þ 3 pðMi Þ
pðy j Mi Þ 3 pðMi Þ
pðMi j yÞ ¼ pðy j M1 Þ 3pðy
. Here,
pðM1 Þ þ pðy j M2 Þ 3 pðM2 Þ ¼
pðyÞ
pðMi Þ is the prior probability for each model i. Based on the
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posterior model probability pðMi j yÞ, we can compute the model
odds for one model over another as:
pðM1 j yÞ ½pðy j M1 Þ 3 pðM1 Þ=pðyÞ pðy j M1 Þ pðM1 Þ
¼
¼
3
pðM2 j yÞ ½pðy j M2 Þ 3 pðM2 Þ=pðyÞ pðy j M2 Þ pðM2 Þ
(2)
Posterior ratio ¼ Bayes factor 3 prior odds

(3)

The Bayes factor is thus a measure of relative evidence, the
comparison of the predictive performance of one model (M1 )
against another one (M2 ). This comparison (BF12) is a ratio of
marginal likelihoods:
BF12 ¼

Pðy j M1 Þ
Pðy j M2 Þ

(4)

BF12 indicates the evidence that the data provide for M1 over
M2 , or in other words, which of the two models is more likely to
have generated the data, or the relative evidence that we have for
M1 over M2 . Under the assumption that all models are equally
likely a priori, Bayes factor values larger than one indicate that M1
is more compatible with the data, values smaller than one indicate
M2 is more compatible with the data, and values close to one indicate that both models are equally compatible with the data.
In the present work, we will consider the case of nested model
comparison, where a null model hypothesizes that a model parameter is zero or absent (a point hypothesis: pðH1 ¼ 0 j yÞ),1 whereas
an alternative model hypothesizes that the model parameter is
present with some prior distribution and has some value different
from zero that needs to be estimated from the data (a general hypothesis: pðH1 6¼ 0 j yÞ).
In previous work, Tendeiro and Kiers (2019) have pointed out
several issues with Bayes factors, and conclude that displaying
posterior distributions may be the better way to go for Bayesian
analyses. van Ravenzwaaij and Wagenmakers (2021) have
responded to these issues and argue that “only Bayes factors can
address the key question common to most empirical research in
psychology: ‘to what extent do the data support the hypothesis that
there is an effect’” (van Ravenzwaaij & Wagenmakers, 2021,
p. 38). Tendeiro and Kiers (2021) have responded to van Ravenzwaaij and Wagenmakers (2021) and discuss their points critically
with the goal to contribute “toward a better understanding among
psychologists of null hypothesis Bayesian testing” (Tendeiro &
Kiers, 2021, p. 2). In the present work, we do not take any strong
position either way; our goal is to show that, in cognitive science
applications, several important issues need to be kept in mind if
one decides to use Bayes factors.

Summary of the Proposed Bayes Factor Workflow
In the section entitled Misbehaving Bayes Factors, we discuss
various potential problems associated with Bayes factor analyses.
1

The fact that we investigate Bayes factors for point null hypotheses
doesn’t mean we are advocating for point null hypotheses. However, we
use it here since point null hypotheses are widely spread and the norm in
cognitive science.
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Below, we outline a Bayes factor workﬂow to investigate these
potential problems when carrying out an analysis. These problems
can largely be investigated using one set of artiﬁcial data simulations in the context of simulation-based calibration (SBC; Betancourt, 2020b; Schad, Betancourt, et al., 2021; Talts et al., 2018).
Consequently, we can integrate a set of analyses (that we illustrate
below) into a coherent workﬂow for determining when Bayes factors are robust in any given application. For this workﬂow, we
deﬁne the following steps:
1.

Deﬁne the observational model.

2.

Deﬁne the prior (prior model probabilities and prior parameter distributions), ideally veriﬁed with prior predictive checks.

3.

Fit the model and estimate Bayes factors using bridge
sampling on the same empirical data set multiple times to
investigate whether the number of MCMC draws is sufﬁcient to obtain stable Bayes factor estimates.

4.

Carry out SBC to check whether Bayes factors are computed accurately.

5.

Use simulations to investigate data variability of
Bayesian inferences to support realistic expectations concerning their reliability.

6.

If the simulations support accurate and reliable Bayes factor estimation, then one can use the Bayes factors obtained
for the empirical data to support Bayesian inferences (possibly estimate Bayes factor repeatedly on empirical data
and report median plus standard deviation); otherwise,
improve experimental design or acknowledge limitations.

In many cases, having valid Bayes factor estimates will be sufﬁcient because an important goal in cognitive science is to provide
evidence in support of scientiﬁc hypotheses. This evidence is continuous in nature and thus reporting continuous evidence in scientiﬁc papers, without making discrete decisions, would be a natural
approach. This is especially important given the large data variability inherent in evidence quantiﬁcation (see below for illustrations), which often makes discrete decisions seem premature
based on individual data sets. However, if discrete decisions are
needed, for example, in order to make a discrete discovery claim,
then the workﬂow can be expanded with the following steps:
1.

If one wants to make a decision, e.g., on a discovery claim,
then one can deﬁne utility functions based on principled
grounds.

2.

Use simulations to optimize the discovery threshold.

3.

Use simulations to investigate data variability of decisions (false and true discovery rates).

4.

Make a decision on discovery using an optimized discovery threshold.

We provide an example application of the workﬂow to a rather
standard cognitive science data set; reproducible code is available
on OSF (Schad, Nicenboim, et al., 2021).

We consider this workﬂow, in particular conducting SBC, to be
the ideal way to approach Bayes factor analyses. However, we
acknowledge that it takes a lot of time and computational resources
to run this workﬂow for realistic research problems. It may therefore
be difﬁcult in research practice to implement this ideal workﬂow in
every single analysis that one runs. We therefore suggest implementing this workﬂow once for a given research program, where different models and experimental designs may be similar to each other.
Based on this deﬁnition of the Bayes factor workﬂow, we now discuss in detail the problems and questions that motivate the workﬂow.

Misbehaving Bayes Factors
Issue 1: Bayes Factors in Complex Statistical Models Can
Be Unstable
One question is how do we apply the Bayes factor method to
models that we encounter frequently in cognitive science, such as
for example, hierarchical models with many variance components.
For these models (or any other complex model) it’s not possible to
calculate the marginal likelihood analytically. Bridge sampling
(Bennett, 1976; Meng & Wong, 1996) has been proposed as a
method for calculating the Bayes factor for complex models (for
simpler models see Morey & Rouder, 2018).
The bridge sampling approach involves approximations of the
marginal likelihoods. Bayes factor estimates based on bridge sampling can be unstable when based on models with too low effective
sample size. Effective sample size is corrected for the autocorrelation
of Markov chains and provides an estimate of how much information
is in a chain relative to the number of independent samples (Vehtari
et al., 2020). Estimates of effective sample size are quantity speciﬁc
(Betancourt, 2020a) and may differ between an estimate for the posterior mean versus the marginal likelihood. Thus, even high effective
sample size for the posterior density may not yield stable bridge sampling estimators, where effective sample size may still be low.
Indeed, bridge sampling requires many more (effective) posterior
samples than what is normally required for parameter estimation.
Running brms models with the default number of MCMC
draws will induce instability in the Bayes factor estimates based
on the bridge sampling, such that running the same analysis twice
would yield different results for the Bayes factor. Moreover,
bridge sampling in itself may be unstable and may return different
results for different runs on the same posterior MCMC draws (just
because of different starting values). This is very concerning, as
the results reported in an article might not be stable if the number
of posterior samples or effective sample size is not large enough.
The brms defaults (2,000 iterations for each chain, with half of
them used as “warm-up”) were not set to support bridge sampling.
Instead, they are intended for posterior inference on expectations
(e.g., posterior means) for models that are not too complex.
To investigate the potential instabilities in Bayes factor estimation, we use the following experimental design:
We assume a design with a within-subject factor x with two levels and 15 subjects. Each condition (sum coded –1/þ1, Schad et
al., 2020) is measured twice per subject. We assume that our dependent variable is response times in milliseconds, and we assume
that response times are log-normally distributed.
To explain response times in this experimental design, we aim
to test two distinct hypotheses, which are implemented in two

different hierarchical (linear mixed-effects) models. The alternative hypothesis (H1) assumes that factor x inﬂuences the dependent variable, i.e., that the ﬁxed effects estimate b1 associated with
factor x takes some value that has a prior distribution and is different from zero H1 : b1 6¼ 0. In R, the corresponding model formula
can be written as: log(rt) ˜ 1 þ x þ (1 þ x j subj). The
null hypothesis (H0) assumes that factor x does not inﬂuence the
dependent variable response times, that is, H0 : b1 ¼ 0. In R, the
corresponding model formula can be written as: log(rt) ˜ 1 þ
(1 þ x j subj). We will use Bayes factors to compare the general hypothesis H1 to the point hypothesis H0.
For this simulation, we set known true values for the parameters: Because the response times are assumed to be log-normally
distributed, the parameters are deﬁned in this log-normal distribution model. They can be interpreted as the parameters for a linear
mixed-effects model on log-transformed response times. We use
values for the ﬁxed effects for the intercept of 6 (i.e., median
response times of exp(6) = 403 ms) and for the effect of x of
–1. (This effect of –1 constitutes a very strong experimental effect
of nearly 1,000 ms.) For the random effects we assume standard
deviations of .5 and a correlation of .3. The residual noise is set to
.5. We simulate the data using the R function simLMM() (in the
designr package; Rabe et al., 2021) and make use of the functionality empirical=TRUE, which makes sure that the ﬁxed
effects in the data correspond precisely to the indicated values
(i.e., the intercept is exactly 6 and the effect of x exactly –1).
For this ﬁxed simulated data set, we estimate the same model
100 times, that is, each time performing new MCMC sampling
using the same data, model and priors. We compute Bayes factors
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for each of the 100 models, and then investigate whether the 100
Bayes factors are the same in each run. We run this analysis using
bridge sampling using the default number of 2, 000 samples and
also using the larger number of 10, 000 samples.
The results, displayed in Figure 1, show that Bayes factor estimates become quite unstable when using a smaller number of
MCMC samples.
These results demonstrate that bridge sampling with a large
number of samples is required to obtain stable Bayes factor estimates. Of course, if Bayes factors are not estimated in a stable
way, but depend on random noise in the MCMC chain, then these
Bayes factor estimates cannot accurately represent information
that is contained in the data.
The stability of bridge sampling needed in any given application
depends on how small a difference between marginal likelihood
one wants to be able to resolve. If the two models compared are
very different, then even large variation might be acceptable. In
this case, it is important to report that variation in Bayes factors.
However, if the two models are very close to each other, then
small variation might be problematic.
Next, we studied the stability of Bayes factors when in the true
data simulation process, H0 was actually true. We used the same
simulated data set as in the previous analysis, with the only difference that we set the critical ﬁxed effect estimate to zero.
The results show (see Figure 2) that larger number of samples
yielded more stable Bayes factors. In general the instability of
Bayes factor estimates against the MCMC draws (and starting values of the bridge sampler) demonstrates that it is necessary to use
a large number of iterations when computing Bayes factors using

Figure 1

Stability of Bayes Factor Estimates Against Different MCMC Chains
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Note. (a) Histograms of 100 Bayes factor estimates obtained from the same data and model, where only the MCMC chains differ between runs. The histograms are shown for bridge sampling for the default number of 2,000 samples (left panel) and for a
larger number of 10,000 samples (right panel). Red horizontal error bars indicate 95 percent quantiles. (b) Bars show the log10
standard deviation across 100 Bayes factor estimates displayed in (a) for each number of samples separately. See the online article for the color version of this ﬁgure.
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Stability of Bayes Factor Estimates Against Different MCMC Chains in a Situation Where H0 is the True Model
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Note. (a) Histograms of 100 Bayes factor estimates obtained from one same data and model, where only the MCMC chains differ
between runs. The histograms are shown for bridge sampling for the default number of 2,000 samples (left panel) and for a larger number
of 10,000 samples (right panel). Red horizontal error bars indicate 95 percent quantiles. (b) Bars show the standard deviation across 100
Bayes factor estimates displayed in (a) for each number of samples separately. See the online article for the color version of this ﬁgure.

brms and bridge_sampler(). Moreover, it shows that we
have to check for each data set that we analyze that our Bayes factor estimate is stable. It is possible to do this by running the analysis a few times (at least ﬁve to six times) to test whether the
obtained Bayes factor estimates are stable.
That said, it’s important to note that stability doesn’t mean accuracy. Bridge sampling with a large number of samples returns estimates with low variability. However, it is not clear from the
stability analysis how those estimates relate to the true Bayes factors! We turn to this issue in the next section.

Issue 2: Bayes Factor Estimates Can Be Biased
Importantly, for approximate computations of Bayes factor estimates using bridge sampling, there are no strong guarantees for
their accuracy. In principle, it could very well be that a stably estimated Bayes factor based on bridge sampling is in fact biased. The
technique of simulation-based calibration (SBC; Betancourt,
2020b; de Heide & Grünwald, 2021; Hendriksen et al., 2021;
Rouder, 2014; Schad, Betancourt, et al., 2021; Talts et al., 2018;
Tendeiro et al., 2021) can be used to investigate this question.
Even when Bayes factor estimates based on bridge sampling
are computed in a stable way (i.e., stability over different sets
of MCMC draws), it is unclear whether the estimates are
unbiased for the kinds of (multilevel) models that are standardly
used in psychology and psycholinguistics. To understand these
problems, it is useful to discuss the typical set, which is the “set
containing the bulk of the posterior probability mass” (Gabry et
al., 2019, pp. 394–395). MCMC explores the typical set and
uses that exploration to estimate expectation values of functions

of the parameters. When the algorithm enjoys a central limit
theorem, that exploration is effective and the error in an estimator is determined by how much the variation of the corresponding function is contained within the typical set. Bayes factors,
however, are given by the posterior expectation of the reciprocal likelihood function which usually varies most at extreme
values far away from the typical set. Even under ideal conditions the MCMC estimators for these expectations can suffer
from large errors. Therefore, calibrations (Betancourt, 2019)
are needed to test whether Bayes factor estimates correspond to
the true Bayes factor in a given application. We will discuss
this issue and perform such calibrations below.
The estimation error of Bayes factors can vary with the observed
data. Therefore, we need to quantify that data variation if we want to
use this method responsibly. We can implement this calibration by
observing how the Bayes factor outcomes vary across prior predictive simulations (Betancourt, 2019). We do this using SBC.
We can formulate SBC for model inference, where M is a true
model used to simulate artiﬁcial data y, and M0 is a model inferred
from the simulated data.
ð ð
pðM0 Þ ¼ dy dMpðM0 j yÞpðy j MÞpðMÞ
(5)

We can read this equation sequentially: ﬁrst, we sample a model
from the model prior, pðMÞ. Next, we simulate data based on this
model, pðy j MÞ. This in fact involves two steps: simulating parameters from the parameter prior, pðH j MÞ, and then simulating
artiﬁcial data from the parameters and model, pðy j H; MÞ, i.e.,
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Ð
pðy j MÞ ¼ pðy j H; MÞ 3 pðH j MÞdH. Next, we estimate the
posterior model probabilities from the simulated data, pðM0 j yÞ.
This again involves several steps: we estimate the model parameters based on the simulated data, pðH0 j yÞ, for each of the two
models, use this to compute marginal likelihoods, pðy j M0 Þ, and
Bayes factors for each of the two models using bridge sampling,
and then compute the posterior probability for each model given
the data, pðM0 j yÞ, by adding the model prior. If we now integrate
out the simulated data y and the model M, then we can see that
this procedure results in pðM0 Þ. That is, the average posterior
should be exactly the same as the prior pðMÞ. The key idea is that
if the computation of Bayes factors and posterior model probabilities is performed correctly (and of course the data simulation is
implemented correctly), then the average posterior probability for
a model should be the same as its prior probability. Interestingly,
this can be used to test the accuracy of Bayes factor estimation.
Critically if SBC does not show a difference between the average posterior (i.e., the left-hand side of Equation 5) and the prior,
then this doesn’t guarantee that the computation for every posterior will necessarily be good; it is a necessary condition but not a
sufﬁcient one.
A note of caution here: This consistency condition, that the average posterior is equal to the prior, holds only for the average
posterior over prior predictive simulations; we have no guarantees
on how any individual posterior distribution will behave in these
simulated data, let alone for observed data. Thus, the statement
that the average posterior is equal to the prior does not apply to
Bayesian inference on a single data set, where a prior is used to
infer a posterior distribution, but is speciﬁc to SBC.
Applied to our current example of null-hypothesis testing, we
deﬁne a prior on the model space, for example, we can deﬁne the
prior probabilities for a null and an alternative model, specifying
how likely each model is a priori. From these priors, we can randomly draw one hypothesis (model), for example, nsim = 500 times.
Thus, in each of 500 draws we randomly choose one model (either
H0 or H1), with the probabilities given by the model priors. For
each draw, we ﬁrst sample model parameters from their prior distributions, and then use these sampled model parameters to simulate
artiﬁcial data. For each simulated artiﬁcial data set, we can then
compute marginal likelihoods and Bayes factors (between the models H1 and H0) using bridge sampling, and we can then compute
the posterior probabilities for each hypothesis using the true prior
model probabilities (i.e., how likely each model is a posteriori). As
the last, and critical step in SBC, we can then compare the posterior
model probabilities (averaged across all 500 simulations) to the
prior model probabilities. A key result in SBC is that if the computation of marginal likelihoods and model posteriors is performed
accurately by the bridge sampling procedure and does not exhibit
bias, that is, if the approximate Bayes factor estimate corresponds
to the true Bayes factor, then the data-averaged posterior model
probabilities should be the same as the prior model probabilities.
An Example With an Unbiased Estimate of the Bayes
Factor. We investigate whether the approximate Bayes factor
estimates (based on bridge sampling) are unbiased with the same
experimental design presented before.
In order to perform SBC, we need to deﬁne the prior model
probabilities. For simplicity, we assume that both hypotheses (H0
and H1) are both equally likely a priori, which also has the
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advantage that both hypotheses are equally frequently sampled in
the SBC. (However, see Schad & Vasishth, 2019; for a different
prior with higher probability for the null.)
Next, we deﬁne priors for the model parameters. For the intercept we assume a normal distribution with mean 6 and standard
deviation .5. For the ﬁxed effect estimate for factor x, we assume a
normal distribution with mean 0 and standard deviation 1. For the
random effects standard deviations, we assume a half normal distribution with mean 0 and standard deviation 1.5, which is truncated to take only positive values. For the residual noise term, we
assume a normal distribution with mean 0 and standard deviation
.5, which is again truncated to take only positive values. For the
random effects correlation between the intercept and the estimate
for x, we assume an LKJ prior (Lewandowski et al., 2009) with
parameter value 2. This LKJ(2) prior regularizes the prior distribution on the correlation such that extreme values like –1 or þ1 are
heavily downweighted.
Based on these priors, it is now possible to simulate a priori
data for the artiﬁcial experimental design. First, we use the prior
probabilities for the hypotheses to sample a hypothesis from the
prior. We do so 500 times (i.e., 500 runs of SBC).
We see that H0 and H1 are each sampled approximately 250
times (see Table 1). We will perform a formal SBC analysis
below. Next, we sample model parameters from the priors based
on the model that was sampled in each run, and we can then simulate data based on the sampled hypothesis and the sampled parameters. The next step is to estimate the Bayesian models on the
simulated data. For each simulated data set, we estimate the posterior parameter distributions for each model (H0 and H1) using
brms, then we perform bridge sampling, and then we use this to
compute a Bayes factor for each of the 500 simulated data sets.2
For each model (H0 and H1), we compute marginal likelihoods,
and we compute the Bayes factor by comparing marginal likelihoods. Note that in the null model, we do keep the random effects
of factor x varying across subjects, that is, fakert ˜ 1 þ (1þx
j subj). That is, we do assume that effects of factor x could be
present for individual subjects, but importantly, by removing the
ﬁxed effect of x we assume a priori that the overall mean effect
across all subjects is zero. The model comparison therefore targets
only this ﬁxed effect of factor x, but not the random effects.
While this is not required in and part of SBC, we show here
the distributions of Bayes factors given the true hypotheses (see
Figure 3). The results show that the Bayes factor estimates exhibit wide distributions when either H0 or H1 are true. It is clear
that when H1 is the true hypothesis in the data simulation, then
the Bayes factors provide more evidence for H1 on average. By
contrast, when H0 is the true hypothesis in the data simulation,
then the distribution of Bayes factors is clearly shifted toward
evidence for H0. Interestingly, these distributions are quite
asymmetric such that Bayes factors accrue evidence in favor of
true H1 at a faster rate than they do in favor of H0 (Tendeiro &
Kiers, 2019).
2

We specify a large number of sampling iterations for each of four
chains (iterations: 10,000, warmup samples: 2,000) to obtain stable Bayes
factor estimates as we discussed in the previous section. The control
parameter adapt_delta is set to 0.9, and max_treedepth is set to
15. These ensure that the posterior sampler works correctly (Betancourt,
2016, 2017; Gabry et al., 2019).
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Table 1
Number of Sampled Hypotheses for the H0 and for the H1

1
BF10 3 pðH1Þ=pðH0Þ þ 1
1
¼
pðH1 j yÞ=pðH0 j yÞ 3 pðH1Þ=pðH0Þ þ 1

pðH0 j yÞ ¼ p ¼

Quantity

H0

H1

n samples

245

255

(8)

Note that there was one outlier data point for H0 with a
BF10 ¼ 3 3 1086 . This resulted from an unstable marginal likelihood because the bridge sampling did not converge. Thus, even
in the simple example case we use where models were ﬁt with a
large number of iterations (10,000), there can occasionally be
problems with bridge sampling.
Last, we can compute the posterior probability of the hypothesis H0
being true given the data. The posterior odds, pðH1 j yÞ=pðH0 j yÞ, can
be obtained by multiplying the Bayes factor with the prior odds (which
is p(H1)/p(H0) = .5/.5 = 1 in our example):
pðH1 j yÞ=pðH0 j yÞ ¼ BF10 3 pðH1Þ=pðH0Þ

(6)

If the probability pðH0 j yÞ is p, then the above equation can be
written as follows:
ð1  pÞ=p ¼ BF10 3 pðH1Þ=pðH0Þ

(7)

We solve for p and obtain:

Figure 3

Distribution of Bayes Factors (BF10), Shown as Violin Plots, as
a Function of Which Hypothesis was True in the Simulations
From the SBC

BF10
Evidence for H0 <========> Evidence for H1
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Because pðH1 j yÞ ¼ 1  p ¼ q, we can use the fact that p ¼

1e12

1e9

1e6

1000
100
10
1
1/10
1/100
1/1000

1e−6
H0

H1

True hypothesis
Note. One outlier data point for H0 with a BF10 of -3e-86 resulted from
an unstable marginal likelihood (i.e., the bridge sampling did not converge) and was removed for visualization.

1
BF10 3 pðH1Þ=pðH0Þ þ 1

to work out 1 – p = q, which gives us:

pðH1 j yÞ ¼ q ¼
¼

BF10 3 pðH1Þ=pðH0Þ
BF10 3 pðH1Þ=pðH0Þ þ 1

pðH1 j yÞ=pðH0 j yÞ 3 pðH1Þ=pðH0Þ
pðH1 j yÞ=pðH0 j yÞ 3 pðH1Þ=pðH0Þ þ 1

(9)

As the last step, across the 500 simulation runs, we average the posterior probabilities for each model, i.e., by computing the mean postensim
1
sim
rior probability across all 500 runs: lpost
Mx ¼ nsim Ri¼1 pðMx j yi Þ,
is one out of nsim = 500 simulated data sets, Mx is
where each ysim
i
one selected model, and lpost
Mx is the average posterior probability for
model x.
Now, we can investigate our question of interest in SBC: We
can look at how likely each model was chosen a posteriori on average and compare these average posterior model probabilities (see
Table 2, “Mean”; in addition, their 95% binomial conﬁdence intervals) to the prior model probabilities that were in fact used to simulate the data (i.e., 50% each).
The results (see Table 2) show that the average posterior model
probability for H1 versus H0 was at roughly 50%. This result
directly corresponds to the prior model probability of 50%. The
conﬁdence intervals include the prior of 50%. This SBC analysis
therefore, for this speciﬁc and simple example case, did not indicate any signs of signiﬁcant bias. This is important calibration information for the bridge sampling approach because it has not
been clear so far whether bridge sampling yields unbiased estimates for the types of multilevel models often used in research
practice. These results are therefore encouraging and support the
application of bridge sampling for computation of Bayes factors
and posterior probabilities for our case study. However, much
more extensive simulation studies are required to investigate this
point more generally, which is beyond the scope of this article.
Importantly, the SBC analysis supported the Bayes factor estimates and could not detect a difference between average posterior
model probabilities and the prior model probabilities, suggesting
that the Bayes factor estimates for this analysis are valid. However, this will not always be the outcome of SBC. Next, we will
investigate a case where SBC shows a problem with posterior
model probabilities.
An Example Where Bayes Factor Estimates Are Not
Accurate When the Models Are Mis-Specified. We again
Table 2
Average Posterior Probability for the H1, p(H1jy), Together With
95 Percent Frequentist Binomial Confidence Intervals
Quantity

2.5% quantile

Mean

97.5% quantile

p(H1jy)

45.53

49.91

54.3
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investigate the same experimental design as above, with the same priors for the parameters and the same observational model as in the
previous section. The only thing that differs in this analysis is that we
leave out the random slopes in the estimation procedure. In R syntax,
H1 can thus be written as log(rt) ˜ 1 þ x þ (1 j subj) and
H0 can be written as log(rt) ˜ 1 þ (1 j subj). It is known
from analysis of frequentist tools that leaving out random slopes
from a linear mixed-effects model can lead to an increase in a, the
probability of a type I error (Barr et al., 2013; Matuschek et al.,
2017). Here, we are interested in whether leaving out random slopes
from a corresponding Bayesian multilevel model leads to a bias in
posterior model probabilities. In line with the frequentist results, we
expect that posterior model probabilities for H1 should be inﬂated
when neglecting random slopes. To investigate this, we perform the
exact same SBC analysis as before, but only leaving out the random
slopes from the ﬁtted models.
The result (see Table 3) shows that now, as expected, the average posterior probability for the alternative hypothesis (H1) of
58.57% is higher than its prior probability of 50%. This increase is
supported by the 95% conﬁdence intervals, which do not overlap
with 50%. Moreover, a frequentist intercept-only logistic regression shows that the average posterior model probability is highly
signiﬁcantly different from the prior probability of 50% (b = .35,
SE = .09, z = 3.81, p = .0001). This shows that leaving out random
slopes from a multilevel model when the data do contain random
variation of the effect across subjects can lead to severe biases in
the posterior model probabilities, as pointed out by Barr et al.
(2013) for frequentist linear mixed-effects models. SBC is a useful
tool that can detect such biases. It is therefore highly recommended to use SBC to calibrate one’s Bayes factor estimates for a
speciﬁc study, model, and priors.
As a brief comment, one can also simulate data based on the
assumption that there are no random slopes, that is, that the random variance of slopes is exactly zero. In R syntax, this would be
expressed as: log(rt) ˜ 1 þ x þ (1 j subj). We can then ﬁt
Bayesian models which estimate the variance of random slopes
and compute a Bayes factor based on this, that is, in R-syntax
comparing the H1, log(rt) ˜ 1 þ x þ (1 þ x j subj), to the
H0, log(rt) ˜ 1 þ (1 þ x subj). This implies investigating
evidence for the ﬁxed effect x, while estimating random slopes of
x across subjects although this random variance is in fact zero.
Interestingly, in this case the average posterior does not diverge
from the prior 50% (see Table 4).
This shows that it is a good idea to estimate random slopes in
Bayesian linear mixed-effects models, even if it is unclear whether
the true random slope variance is zero. However, note that the average posterior is slightly below 50% (i.e., 48%), thus, a potential
smaller bias (i.e., slightly too conservative estimates with a higher
probability for the H0) might be observed when larger numbers of
simulations are used.
Table 3
Average Posterior Probability for the H1, p(H1jy), Together With
95 Percent Frequentist Binomial Confidence Intervals, for a MisSpecified Model Lacking Random Slopes
Quantity

2.5% quantile

Mean

97.5% quantile

p(H1jy)

54.21

58.57

62.84
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Table 4
Average Posterior Probability for the H1, p(H1jy), Together With
95 Percent Frequentist Binomial Confidence Intervals, for a MisSpecified Model, With Random Slopes in the Model But Not in
the Data
Quantity

2.5% quantile

Mean

97.5% quantile

p(H1jy)

43.79

48.16

52.54

Issue 3: Bayes Factor Estimates Can Vary Dramatically
Due to Sampling Variability
A very different source limiting the robustness of Bayes factor
estimates derives from the variability that is observed in the data,
that is, among subjects, items, and residual noise. Every time a
new replication run is conducted, using different subjects and
items, it will lead to different outcomes of the statistical analysis.
This limit to robustness is well known in frequentist analyses, as
the “dance of p-values” (Cumming, 2014), where over repeated
replications, p-values are not consistently signiﬁcant across studies. Instead, the results yield highly different p-values each time a
study is repeated, and this can even be observed when simulating
data from some known truth and rerunning analyses on simulated
data sets. This same type of variability should also be present in
Bayesian analyses (also see https://daniellakens.blogspot.com/
2016/07/dance-of-bayes-factors.html). Here we investigate this
type of variability in Bayes factor analyses.
One way to investigate how variable the outcome of Bayes factor analyses can be (given that the Bayes factor is computed in a
stable and accurate way) is to investigate the variability of Bayes
factors across the prior predictive simulations performed in the
SBC above, as is illustrated in Figure 3, and which shows that estimated Bayes factors can be highly variable and often provide evidence for the false hypothesis.
One potential critique of the result shown in Figure 3 may be
that the prior assumptions underlying our speciﬁc SBC simulations might be rather artiﬁcial, because we used a simple artiﬁcial example that may not closely reﬂect the real situation in
many studies in the cognitive sciences. (The example was
designed for pedagogical purposes and for fast computations, not
to closely match real cognitive data sets. In a real SBC analysis,
the priors and the experimental design should be closely
informed by domain expertise.) Here we are therefore interested
in how much variability in Bayes factors we should expect in a
typical data set from the cognitive sciences. One question therefore is how to choose the priors to yield realistic simulated data
sets that are comparable to what one would expect in real experimental observations, and that would thus provide realistic estimates of the variability of Bayes factors in the cognitive
sciences. To approximate such realistic data sets, one possibility
is to deﬁne the priors based on a previous real empirical data set,
by estimating the model posterior on this prior data, and using
the model posterior as our prior for simulating data and for analyzing variability of Bayes factors. We expect that this procedure
(effectively implementing posterior predictive analyses) should
produce realistic estimates of the variability in Bayes factors that
would be expected if we would run this identical study again in
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several replication attempts using the exact same experimental
design.
Examples: Facilitatory Interference Effects. To investigate
this, we will look at some fairly typical experimental example
studies from the cognitive sciences. We look at studies that investigated cognitive mechanisms underlying a well-studied phenomenon in sentence comprehension. The example we consider here is
the agreement attraction conﬁguration below, where the ungrammatical sentence (2) seems more grammatical than the equally
ungrammatical sentence (1):
1.

The key to the cabinet are in the kitchen.

2.

The key to the cabinets are in the kitchen.

Both sentences are ungrammatical because the subject does not
agree with the verb in number: The verb (“are”) does not agree in
number with the subject of the sentence (“key”). Sentences such
as (2) are often found to have shorter reading times at the verb
(“are”) compared with (1) (for a meta-analysis see Jäger et al.,
2017). Such shorter reading times are sometimes referred to as
“facilitatory interference” (Dillon, 2011). One proposal explaining
the shorter reading times is that the attractor word (here, cabinets)
agrees locally in number with the verb, leading to an illusion of
grammaticality. This is an interesting phenomenon as the plural
versus singular feature of the attractor noun (“cabinet/s”) is not the
subject, and therefore does not need to agree with the verb. That
agreement attraction effects are consistently observed indicates
that the human language processing system is not strictly obeying
the rules of grammar when assembling the parse. An account of
agreement attraction effects in language processing that is based
on a full computational implementation (which is in the ACT-R
framework; Taatgen et al., 2006), explains such agreement attraction effects in ungrammatical sentences as a result of retrievalbased working memory mechanisms (Engelmann et al., 2019; cf.
Hammerly et al., 2019). Agreement attraction in ungrammatical
sentences has been investigated many times in similar experimental setups with different dependent measures such as self-paced
reading and eye-tracking. We choose this phenomenon for analysis
here because it provides an example of a relatively robust effect in
cognitive science, and because multiple data-sets on agreement
attraction are publicly available.
In this section, we look at the data variability of Bayes factors
(and associated effect estimates) using posterior predictive simulations across several different scenarios. First, we investigate a
study by Lago et al. (2015) using priors (in the model ﬁtting, not
in the simulation of data) derived from a meta-analysis, where the
prior mean differs from zero, and where the data provide some evidence for an effect (Case 1). Then, we look at this same data set
using a more neutral prior that is centered on zero (Case 2). Next,
we use data from a study (Wagers et al., 2009) where the overall
effect of interest is close to zero (Case 3). These two data sets are
of rather small size (30–60 subjects), which is often the case and
rather typical in the cognitive sciences. Here, we also investigate
the variability of Bayes factors (and associated effect estimates) in
a large sample study (Jäger et al., 2020), which used 181 subjects
(Case 4), and yields much more stable Bayes factor estimates.
Next, we go one step further by looking not at simulated replications of a study, but at 11 real empirical replication studies of the

same experimental effect. As in the simulated data shown earlier,
the real empirical data results also show strong variability of the
Bayes factor across studies, little evidence within each single
study, but strong evidence when pooling across individual studies.

Case 1: Lago et al. (2015)
First, we investigate facilitatory agreement attraction effects by
looking at a self-paced reading study by Lago et al. (2015). We
estimate a ﬁxed effect for the experimental condition agreement
attraction (x; i.e., sentence type), against a null model where the
ﬁxed effect of sentence type is excluded. Note that for the agreement attraction effect of sentence type, we use sum contrast coding
(i.e., –1 and þ1). We run a multilevel model with the following
formula in brms: rt ˜ 1þx þ (1þx j subj) þ (1þx j
item) , where rt is reading time, we have random variation associated with subjects and with items, and we assume that reading
times follow a log-normal distribution: family = lognormal().
In the analysis of the real empirical data, we use results from a
meta-analysis (Jäger et al., 2017) to obtain priors for the effect
size of the factor x agreement attraction. We describe how we
obtained the priors in detail in a long version of this article, which
is available on arXiv (arXiv:2103.08744). For extensive discussion of prior speciﬁcation in such designs, see Nicenboim et al.
(2021).
Next, we take a look at the population-level results from the
Bayesian modeling (see Table 5). They show that for the ﬁxed
effect x, capturing the agreement attraction effect, the 95% credible interval ranges between –.046 and –.015 on the log ms scale.
This suggests that the effect may have the expected negative direction, reﬂecting shorter reading times in the plural condition.
Importantly, such estimation is not really answering the question
how much evidence there is that the parameter is needed to explain
the data (see Rouder et al., 2018; Wagenmakers et al., 2020)
because we did not specify the null hypothesis of zero effect explicitly. Instead, Bayes factors are needed to investigate this issue.
To estimate Bayes factors, run the model again, now without
the parameter of interest, that is, the null model, which essentially
ﬁxes b to exactly zero: rt ˜ 1 þ (1þx j subj) þ (1þx j
item). Then, compute the log marginal likelihoods and Bayes
factors using bridge sampling (Gronau et al., 2017, 2020). This
procedure yields the Bayes factor BF10, that is, the evidence of the
alternative over the null.
The procedure described above yields a Bayes factor of 6.74, suggesting that there is some support for the alternative model. That is,
the Bayes factor on the real empirical data provides evidence for the
alternative hypothesis that there is a difference between the experimental conditions, that is, a facilitatory effect in the plural condition
of the size derived from the meta-analysis. Under the criteria suggested by Jeffreys (1939), the Bayes factor provides only moderate
evidence for an effect of sentence type on reading times.
Table 5
Population-Level Fixed Effect Estimates for the Bayesian Linear
Mixed-Effects Model
Fixed effect

Estimate

Est. Error

Q2.5

Q97.5

Intercept
x

6.015
0.031

0.056
0.008

5.903
0.046

6.127
0.015

Next, we use the posterior of this model for our prior predictive
simulations to investigate the data variability of Bayes factors. Figure 4 visualizes the simulated data via density plots for the observed
data (black) and for 100 posterior simulated data sets (shown in
color/grey). It shows that the simulated data seem fairly in line with
the empirically observed data, at least for this simple density plot.
The question that we are interested in is, how variable will Bayes
factors be in these simulated data (in which we use the model posterior to inform our prior). We can compute Bayes factors on each of
these simulated data to investigate whether there is evidence for
agreement attraction effects. Of great interest to us is then the question of how variable the results of these Bayes factor analyses will
be across different simulated replications of the same study. We
now perform this analysis for 50 different artiﬁcial data sets.
We can now visualize the distribution of Bayes factors (BF10)
across the artiﬁcial data sets by plotting a histogram. Values larger
than one in this histogram indicate evidence for the alternative model
(H1) that agreement attraction effects exist (i.e., the sentence type
effect is different from zero and as speciﬁed by the meta-analysis),
and Bayes factor values smaller than one indicate evidence for the
null model (H0) that no agreement attraction effect exists (i.e., the
difference in reading times between experimental conditions is zero).
The results (see Figure 5) show that the Bayes factors are quite
variable. Although all data sets are simulated from the same posterior predictive distribution, the Bayes factor results are as different
as providing moderate evidence for the null model (BF10 , 1/3) or
providing strong evidence for the alternative model (BF10 . 10).
The bulk of the simulated data sets provide moderate or anecdotal
evidence for the alternative model. That is, much like the “dance of
p-values” (Cumming, 2014), this analysis reveals a “dance of the
Bayes factors” (https://daniellakens.blogspot.com/2016/07/dance-of
-bayes-factors.html) with simulated repetitions of the same study.
The variability in these results shows that a typical cognitive or psycholinguistic data set is not necessarily highly informative for drawing ﬁrm conclusions about the hypotheses in question.
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What is driving these differences in the Bayes factors between
simulated data sets? One obvious reason why the outcomes may
be so different is that the difference in reading times between the
two sentence types, that is, the experimental effect that we wish to
make inferences about, may vary based on the noise and uncertainty in the posterior predictive simulations. It is therefore interesting to plot the Bayes factors from this simulated data set as a
function of the difference in simulated reading times between the
two sentence types as estimated in the Bayesian model. That is,
we extract the estimated mean difference in reading times at the
verb between plural and singular attractor conditions from the
ﬁxed effects of the Bayesian model, and plot the Bayes factor as a
function of this difference (together with 95% credible intervals).
The results (displayed in Figure 6, left panel) show that the mean difference in reading times between experimental conditions varies across
posterior predictive simulations. This indicates that the experimental
data and design contain a limited amount of information about the
effect of interest. Of course, if the (simulated) data is not stable, Bayes
factor analyses based on this simulated data cannot be stable across
simulations either. Accordingly, as is clear from Figure 6, the magnitude of the difference in mean reading times between experimental conditions is indeed a main driving force for the Bayes factor calculations.
An important observation from Figure 6 (left panel) is that as the
difference between reading times becomes more negative, that is, as
the plural noun condition (i.e., “cabinets” in the example; sentence 2)
is read faster than the singular noun condition (i.e., “cabinet”; example
sentence 1), the Bayes factor BF10 increases to larger and larger values, indicating that the evidence in favor of the alternative model
increases. By contrast, when the difference between reading times
becomes less negative, that is, the plural condition (sentence 2) is not
read much faster than the singular condition (sentence 1), then the
Bayes factor BF10 decreases to values smaller than 1. Importantly,
this behavior occurs because we are using our informative priors from
the meta-analysis, where the prior mean for the agreement attraction
effect is not centered at a mean of zero, but has a negative value (i.e.,
a prior mean of –.027 on the log millisecond scale). Therefore,

Figure 4

Density Plots for Observed Data (Black) and for 100 Posterior Artiﬁcial Data
Sets (Shown in Color/Grey) Simulated From the Fitted Bayesian Model
Displayed in the Table 5
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Figure 5

Distribution of Bayes Factors and Effect Estimates in the Simulated Data Sets and in the Empirical Data
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Note. Left panel. Histogram of Bayes factors (BF10) of the alternative model over the null model in 50 simulated data sets. The vertical solid black line shows equal evidence for both hypotheses; the dashed red line shows the Bayes factor computed from the empirical data; the horizontal error bar shows 95 percent of all Bayes factors. Right panel: Estimates of the facilitatory effect of retrieval
interference and 95 percent credible intervals across all simulations (black, solid lines) and the empirically observed data (red, dashed
line). See the online article for the color version of this ﬁgure.

differences in reading times that are less negative/more positive than
this prior mean are more in line with a null model of no effect. This
also leads to the striking observation that the 95% credible intervals
are quite consistent and none of them overlap with zero, whereas the
Bayes factor results are far more variable. Computing Bayes factors
for such a prior with a nonzero mean asks the very speciﬁc question
of whether the data provide more evidence for the effect size obtained
from the meta-analysis compared to the absence of any effect.

Case 2: Using a Prior Centered on Zero
We now use the same simulated data again. However, in the
analysis of each simulated data set, we use a different prior for the
agreement attraction effect than before: We do not use the prior
informed by the meta-analysis (with a nonzero prior mean), but
instead we use a centered prior, where the prior mean is zero. That
is, we are agnostic with respect to the direction of the effect (using
a prior standard deviation of .3; see the sensitivity analysis below).

Figure 6

Bayes Factor (BF10) as a Function of the Effect Estimate (With 95 Percent Credible Intervals) for 50 Simulated
Studies
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Case 3: A Study With an Effect Size Close to Zero
Next, we show an example case where the effect size in the original empirical study used to deﬁne the prior is very close to zero, that
is, there is no difference between experimental conditions (Wagers
et al., 2009; Experiment 3, singular). We use the mean-centered
prior (prior M = 0, prior standard deviation = .3) for model ﬁtting
and Bayes factor computations. Figure 7 shows that the Bayes factor
gets positive, providing some support for the alternative model not
only for negative estimated effect sizes, but also for positive estimated effect sizes. Any difference between experimental conditions
- negative or positive - can support the alternative model.

Case 4: A Large Sample Study
Last, the previous studies had relatively limited sample sizes,
for example, the study by Lago et al. (2015; Experiment 1) had 32
subjects, and the study by Wagers et al. (2009; Experiment 3,

singular) had data from 60 subjects. We now want to see how stable Bayes factors are in a situation where the sample size is relatively large. For this, we perform the same Bayes factor analysis
for data from a study by Jäger et al. (2020), which contains eyetracking reading time (total reading time) data on agreement
attraction from 181 subjects. The results are displayed in Figure 8.
The ﬁgure shows that with 181 subjects, the Bayes factor is quite
stable. That is, across 50 simulated data sets, the Bayes factor
computed on the simulated data always ranges between 1.3 and
1.7. An important insight here is that in large sample studies, the
“dance of the Bayes factor” is very limited to a narrow range, and
Bayes factors are quite stable. This may in part be the case because
the posterior predictive distribution was so narrow that all the
simulated data sets were very much alike.

How Consistent is the Bayes Factor Across Multiple
Studies?
Above, we investigated variability of Bayes factors over simulated replications of a given empirical study. Here, we go one step
further. Instead of relying on simulated replications of the same
experiment, we take real data from real empirical replications of the
same type of experimental study. This allows us to investigate the
extent to which the results from Bayes factor analyses vary from
study to study, even if the same experimental effect is investigated.
We obtained the experimental data from a set of different studies that all investigate (inter alia) agreement attraction in ungrammatical sentences during sentence processing (Avetisyan et al.,
2020; Dillon et al., 2013; Lago et al., 2015; Wagers et al., 2009).
They all investigate reading time on a target word, measured via
self-paced reading or via eye-tracking. There are of course

Figure 7

Results From a Study With No Facilitatory Effect (Wagers et al., 2009, Experiment 3, Singular)
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For this prior centered on zero the Bayes factors now show a
slightly different result. As is displayed in Figure 6 (right panel),
Bayes factors now follow a hockey-stick function. For large negative differences between reading times (i.e., right panel, left side),
Figure 6 again shows evidence in favor of the alternative hypothesis. When the estimated difference between reading times
approaches zero (right panel, right side), Bayes factors show support for the null hypothesis. However, this support for the null is
now much less pronounced (only anecdotal, i.e., BF10 . 1/3).
This is the case as the alternative hypothesis (H1) now speciﬁes a
prior mean of zero for the effect size, such that even an estimated
effect size of zero can still be explained by the alternative model,
and the null model is not so much better in explaining the data.
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Figure 8

Analysis for a Large-Sample Study (Jäger et al., 2020)
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intervals) for 50 simulated studies. See the online article for the color version of this ﬁgure.

important differences between the studies: some investigate English, others Spanish or Armenian; and the syntactic conﬁgurations
differ across studies. However, they all investigate the same phenomenon (agreement attraction), and are therefore trying to estimate the same effect. Importantly, agreement attraction is
generally thought to be a robust empirical phenomenon (Phillips et
al., 2011); this example therefore provides an example case for an
empirically well-established effect in the cognitive sciences.
For all of these studies, we focus on the question of whether
there is evidence for a difference in mean reading times between
sentence types. Again, we use Bayesian modeling using brms for
posterior estimation, assuming a zero-centered prior for the agreement attraction effect. As before Bayes factors are computed using
bridge sampling. A sensitivity analysis is performed for each of
the data sets separately (for details on how to perform and interpret
a sensitivity analysis, see the next section entitled Issue 4: Bayes
Factors Can Be Highly Sensitive to Priors).
Figure 9 visualizes the results of this analysis. It shows that the
evidence in support of agreement attraction effects is very weak
for each of the analyzed studies. One study (Wagers et al., 2009;
Experiment 4) shows at least moderate evidence (BF10 . 3) for an
interference effect of small size (the prior standard deviation of
.040 shows the largest Bayes factor). Moreover, several of the
other studies also show some evidence for small agreement attraction effects, but this evidence is anecdotal at best, with maximal
Bayes factors ranging between 1 and 3.
What the analysis consistently shows, however, is that (a) in all
studies the estimated effect is in the expected direction, that is, it is
negative (except in Avetisyan et al., 2020; where there is a numerically positive effect); and (b) all studies provide evidence against a

large agreement attraction effect. For the largest studied prior
standard deviation of .4, the results show at least moderate evidence for the null model and against the alternative for 10 out of
the 11 data sets, and three data sets actually provide strong evidence (BF10 , 1/10) against such a large prior effect size.
Moreover, the analysis reveals large variability in the results across
data sets. Although the analysis of some data sets suggests tentative
evidence for the alternative model, supporting agreement attraction
effects in sentence comprehension (e.g., Wagers et al., 2009; Experiment 4), other data sets show no evidence for agreement attraction
effects at all (e.g., Wagers et al., 2009; Experiment 3, singular).
The analysis shows that no data set provides strong evidence for
H1. This might be quite surprising to the reader, given that agreement attraction effects are generally thought to be a robust empirical phenomenon (Phillips et al., 2011). What we illustrate here is
that individual studies may in fact carry quite limited information
about a fairly standard experimental effect. Indeed, standard experimental designs and sample sizes may be insufﬁciently sensitive to accurately detect a typical cognitive effect such as
agreement attraction. Evidence synthesis through meta-analyses
will be needed to make clear inferences about the effect of agreement attraction (an example meta-analysis investigating prediction
effects in ERP data is discussed in Nicenboim et al., 2020).
Meta-analyses can be performed using Bayesian modeling, and
again, Bayes factors can be used to quantify the evidence a meta-analysis provides in favor of some hypothesis. We illustrate this point
here. First, we run frequentist linear mixed effects models for each of
the data sets (using the function lmer() from the R package lme4).
We ﬁt frequentist models here because most published research tends
to report frequentist models. From each analysis, we save the estimated agreement attraction effect and its associated standard error.
Based on these estimates, we perform a Bayes factor meta-analysis.
Here, we estimate one Bayesian model assuming the alternative hypothesis (H1) for each of the different values of the prior standard deviation. Each H1 model is speciﬁed in brms as b j SE(SE) ˜ 0 þ
Intercept þ (1 j expt), indicating that we model the variability
in frequentist effect estimates (b) and their standard errors (sd(SE))
by using an intercept (Intercept) as well as random intercepts across
experiments ((1 j expt)). Each of these alternative models (H1) is then
compared to the same null model (H0), which in brms is encoded as
b j SE(SE) ˜ 0 þ (1 j expt; i.e., assuming an intercept of zero),
and which is identical to the H1 models otherwise. The comparison is
done by running bridge sampling on each model and comparing marginal likelihoods to obtain Bayes factors.
The results from this meta-analysis using a sensitivity analysis
with the Bayes factor (see Figure 10) shows that once we synthesize
the available evidence from the different studies, there is extreme
evidence (BF10 . 100) for the alternative hypothesis that agreement
attraction effects exist. Thus, while the individual studies, each considered separately, do not provide much evidence for the effect,
combining studies into a Bayesian meta-analysis clearly shows there
is evidence for the effect existing given the available data.

Issue 4: Bayes Factors Can Be Highly Sensitive to Priors
In the above example, there was good prior information from a
meta-analysis about the free model parameter b. However, what
happens if we are not sure about the prior for the model
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Figure 9

Prior Sensitivity Analyses for Different Empirical Data Sets, Each Implementing a Replication Study of
Interference Effects of Number Attraction in Sentence Comprehension
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Note. For each empirical study (indicated by different colors and shapes), the Bayes factor (BF10) of the alternative model
against the null model is shown for different prior standard deviations for the size of the experimental effect. See the online article for the color version of this ﬁgure.

parameter? It might happen that we compare the null model with a
very “bad” alternative model, because our prior for b is not
appropriate.
To deal with this situation, many authors use or recommend
default prior distributions, where the priors for the model parameters are ﬁxed (e.g., at the scale of an effect size), and are independent of the scientiﬁc problem in question, and of potential
subjective perspectives on it (Morey & Rouder, 2011; Navarro,
2015; Rouder et al., 2009; Zellner & Siow, 1980). While Rouder
et al. (2009) provide default priors that are appropriate to generic
situations, they also (p. 235) state: “simply put, principled inference is a thoughtful process that cannot be performed by rigid adherence to defaults.” In other words, they point out that it is
important to consider alternative values for the prior; a sensitivity
analysis is crucial component of a Bayes factor-based analysis.
Sensitivity analysis refers to examining different alternative
models, where each model uses different prior assumptions. This

way, it’s possible to investigate the extent to which the Bayes factor results depend on, or are sensitive to, the prior assumptions
(for an example from psycholinguistics, see Nicenboim et al.,
2020). Next, we will perform a sensitivity analysis for the agreement attraction effect for the data by Lago et al. (2015).
For all of the priors for b (i.e., the effect of sentence type x) we
assume a normal distribution with a mean of zero since we do not
want to make any assumption a priori about the direction of the
effect. What differs between the different priors is their standard
deviation (using different values ranging from SD = .005 to SD =
.4). A large standard deviation allows for very large effect sizes a
priori, whereas a small standard deviation implies the assumption
that we expect the effect not to be very large a priori.
Note that a sensitivity analysis is a case of inference over model
space (i.e., with many different models), where one reports the
entire model posterior instead of choosing any particular model
(i.e., a particular prior). Importantly, the difference between
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against a very speciﬁc alternative model, when the researchers
only knew the direction of the effect (see https://datacolada.org/
78a). This can happen when very uninformative vague priors are
used (Montero-Melis et al., 2019), and provides a major motivation for using more informed prior distributions.
Overall, the outcome of the sensitivity analysis basically shows
that the Bayes factors lie somewhere between 3 and 1/3, which all
indicate inconclusive results.

Figure 10

Sensitivity Analysis for the Bayesian Meta-Analysis
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Decision Theory

30
10
3
1
0.0

0.1

0.2

0.3

0.4

Prior standard deviation
Note. The Bayes factor (BF10) as a function of the prior standard deviation provides extreme evidence in favor of the effect.

inference and decision making is critical here. The posterior provides continuous evidence about models with different priors, but
it does not support decision making, that is, selection of individual
models, without using a utility function. We will discuss this critical distinction further below.
We run the brms model for each of 10 different priors. Then, the
Bayes factor is computed using bridge sampling against the null
model with the effect of the predictor x being assumed to be 0.
We plot the Bayes factors BF10, that is, the evidence for the
alternative model over the null model, as a function of the prior
standard deviation (see Figure 11). The results show that there
is very little evidence for an agreement attraction effect. The
Bayes factors provide anecdotal evidence for the alternative
model for small prior standard deviations (the maximum lies at
a standard deviation of .03). At the same time there is anecdotal
evidence against agreement attraction effects for models with a
larger prior standard deviation (i.e., against a priori large effect
sizes). Indeed, Bayes factors explicitly penalize models with
wide priors if the data aren’t consistent with large effect sizes.
Note that these results do not directly support a decision to pick
the model with standard deviation of .03 as the best model
(without using utility functions)—the evidence in posterior inference is continuous rather than discrete.
The reason that the conclusion differs (sometimes dramatically)
as a function of the prior is that priors are never uninformative
when it comes to Bayes factors. The wide priors specify that we
expect very large effect sizes (with some considerable probability),
and there is relatively little evidence in the data for such large
effect sizes.
Indeed, very recently Uri Simonsohn criticized Bayes factors
because they might provide evidence in favor of the null and

Bayes factors tell us how much evidence the data provide in
favor of one model or another. That is, they allow us to perform
inferences on the model space, that is, to determine how much
each hypothesis is consistent with the data. Based on this evidence, it is also possible to perform decisions about selecting one
hypothesis or the other, for example, to declare discovery based on
a Bayes factor analysis. Several heuristics have been proposed on
how such decisions can be made. For example, Jeffreys (1939)
proposed a scale of how to put continuous evidence into discrete
categories; these categories can then be used for decision-making.
One common heuristic sometimes used in basic research is to treat
Bayes factors that are larger than 10 (or smaller than 1/10) as
grounds for declaring discovery. Another heuristic that is often
used in machine learning is to select the model with the highest
posterior probability. However, these are just heuristics, they are
not principled ways to derive decisions from evidence.
To perform principled decisions based on Bayesian analyses,
utility functions are needed. The utility of different possible
actions, that is, the value of the consequences when accepting and
Figure 11

Sensitivity Analysis: Bayes Factor (BF10) as a Function of the
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acting based on one hypothesis or another, can differ quite dramatically in different situations. For example, for a researcher trying
to implement a life-saving therapy, falsely rejecting this new therapy could have high negative utility (negative utility is loss),
whereas falsely adopting the new therapy may have little negative
consequences. By contrast, falsely claiming a new discovery in
fundamental research may have bad consequences (high loss),
whereas falsely missing a new discovery claim may be less problematic if further evidence can be accumulated. Thus, the performance of decision-making procedures can be determined only in the
context of utility functions appropriate to a given analysis.
For example, in the cognitive sciences, if one claims a discovery
based on a decision process, this can yield a true discovery (TD),
which would have positive value, for example, a utility of UTD =
1. However, a discovery claim can also be false (FD), yielding a
possibly negative utility of UFD = –1.5. Second, an alternative outcome of a decision-making process is to not claim discovery, but
to reject it. Again, this can be a true negative (TN), which may
have positive utility (e.g., UTN = .5). However, the decision not to
claim discovery can also be false (false negative, FN; i.e., missing
a true new discovery), which might have a negative utility (e.g., of
UFN = –.5). Note that the utilities that we chose here are arbitrary,
and other values could be chosen as well. In the cognitive sciences, decision making might, in general, be premature. If we cannot
construct useful utilities then we probably shouldn’t be trying to
make decisions. Reporting inferences directly and avoiding discovery claims avoids having to worry about well-motivated utility
functions. One research goal in the cognitive science would be to
develop a procedure of how such utilities can be conceived in a
way that is not arbitrary, but theoretically motivated.

Bayesian Decision Making Processes
To perform decisions in Bayesian analyses, the implementation
of Bayesian decision making processes (Gelman et al., 2013; Robert, 2007) is necessary, which convert inferential information,
such as the continuous Bayes factor or continuous posterior model
probabilities, into discrete decisions.
Even if meaningful utility functions are available, there are still
two important caveats associated with discrete decisions: ﬁrst, in
practice, we often work with estimators of Bayes factors rather
than with true Bayes factors. Such estimators can be noisy and this
noise will inﬂuence the decision making process. As the second
caveat, because the inferential information varies with observations, so too will the decisions. Thus, random noise in the data can
lead to very different inferences, and thus to very different decisions, simply based on chance.
Robust decision making requires sufﬁciently good experimental
design to reduce the variation of the inferences, and hence the
decisions, as much as possible. At the very least we have to quantify that variation to understand how stable a decision-making process will actually be. Indeed, because of the variation inherent in
decisions, again, often making no decision may actually be the
best approach! If one just reports the inferences (i.e., Bayes factors), others can make their own decisions using their own utility
functions in combination with the full information in the reported
inference.
Not only inference, but also decision making will vary depending on the data, and may perform well or badly (in terms of
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utilities) depending on what the data look like. The problem of
course is that before running a study we do not know what the
data looks like and what the possible outcomes of a study will be.
Therefore, we need to quantify how those utilities can vary across
different possible data sets using calibration studies (Betancourt,
2018). These can be implemented by simulating data based on
some priors and models, where we thus know which model or hypothesis was true in the data simulation. Conveniently, the same
simulations from the SBC can also be used to calibrate decision
making processes based on Bayes factors. Then we can run a
Bayesian decision procedure on each of the simulated data sets.
For example, we can look at simulated data sets where the true
model (i.e., the model sampled from the model prior) corresponds
to a null hypothesis (H0), perform decisions based on the Bayesian
evidence, and obtain the false discovery rate (FDR), that is, how
often the Bayes factor supports an alternative model (H1) when in
fact the null hypothesis (H0) is true. This is a Bayesian equivalent
of frequentist Type I error probability (a). Likewise, we can look
at the simulated data sets where the true model (i.e., the model
sampled from the prior) corresponds to an alternative hypothesis
(H1), compute Bayesian evidence, perform decisions, and obtain
the true discovery rate (TDR), that is, the probability of choosing
the alternative hypothesis (H1) when it is actually true. This is a
Bayesian equivalent of frequentist power analyses.
As discussed above, one immediate heuristic for turning Bayes
factors into decisions is a threshold (e.g., of BF10 = 10), which can
be used to determine true and false discovery rates. A principled alternative to such heuristics is to deﬁne a utility function. Interestingly,
based on this, one can try out different Bayes factor thresholds (e.g.,
BF10 = {5, 10, 15}) and compute the total utility for each. Then, it is
possible to choose the optimal threshold value to yield optimal total
utility. This procedure may even compensate for experimental design
limitations, which are sometimes unavoidable.

Using SBC Simulations to Calibrate Decisions
Above, we had used SBC to calibrate the continuous evidence
obtained by computing Bayes factors. An alternative way to look
at the results from the SBC analysis is to use thresholds on the
Bayes factor to make discrete decisions, such as the decision to
declare discovery.
In a ﬁrst approach, here we use one conventional threshold
sometimes used in practice, that is, that a Bayes factor larger than
10 provides (strong) evidence for the alternative hypothesis (H1),
a Bayes factor smaller than 1/10 provides (strong) evidence for the
null hypothesis (H0), and a Bayes factor between 1/10 and 10 provides “moderate” or “anecdotal” evidence for either hypothesis.
For simplicity, we here use the thresholds of 10 and 1/10. We can
look at what decisions the Bayes factors support by looking at the
simulated data from the SBC. We investigate decisions based on
whether H0 or H1 was actually used to simulate the artiﬁcial data.
The results (see Table 6) show that when H0 was actually true in
the data simulation, the Bayes factor provided no strong evidence
(10 . BF10 . 1/10) in 87% of cases, and provided evidence for H0
in only 13% of simulations. When H0 was true, it never decided for
H1, reﬂecting a false discovery rate (FDR) of zero. Likewise, when
H1 was actually true in the data simulation, the Bayes factor provided no strong evidence in 52% simulations, and provided evidence for H1 in 48% of cases (i.e., the TDR). However, it never
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Table 6
Percentages of Supported Hypotheses (H0, H1, No Hypothesis)
as a Function of Which Hypothesis Was True in the Simulations
(H0 versus H1)
True hypothesis

Evidence for H0

No evidence

Evidence for H1

H0
H1

13
0

87
52

0
48

provided evidence for H0. These results show that for this example
case of a small artiﬁcial data set with rather strong effect sizes, the
Bayesian decision rule is often uncertain about the true hypothesis,
but that it does not decide for the false hypothesis.
An alternative Bayesian decision-rule that is sometimes used in
practice is to choose the model that has the highest posterior probability (note that this does not involve the possibility to be undecided). For the present data set this shows (see Table 7) a false
discovery rate of 9% and a true discovery rate of 67%, again suggesting that the effect size and experimental design in the artiﬁcial
data set were, arguably, sufﬁcient for detecting a true effect from
the data with a reasonable accuracy.

Bayesian Calibration of Frequentist Analysis Methods
for the Same Data
It is possible to compare the results from the Bayesian calibration of Bayes factor analyses with corresponding analyses of frequentist analysis tools for the simulated data. In frequentist
analyses, H0 is rejected if the p-value, that is, the probability for
obtaining an effect as extreme as observed or stronger under the
null hypothesis, is small. In frequentist statistics, a ﬁnding is considered statistically signiﬁcant if the p-value is smaller than some
threshold, which is conventionally p , .05 (see Benjamin et al.,
2018; for an alternative threshold of p , .005); H0 is not rejected
otherwise, that is, if p . .05. Unlike in Bayesian data analysis, frequentist null hypothesis signiﬁcance testing often favors one hard
cut-off value. Based on such a cut-off, when H0 was used to generate artiﬁcial simulated data, we can compute the number of times
that H0 is falsely rejected, that is, compute the a error rate. Moreover, in the cases where H1 was used to simulate the artiﬁcial
data, we can compute how often the frequentist model rejects H0
correctly, reﬂecting statistical power. For this, we ﬁt a frequentist
linear mixed-effects model using the lmer function to each of the
500 simulated data sets.
We can now apply the p , .05 cut-off, and compute how often
H0 is rejected when H0 is true, and how often H0 is rejected when
H1 is true (note that p . .05 is not a good cut-off to accept H0,
but simply to fail to reject it). The results (see Table 8) show that

when the null hypothesis is actually true (ﬁrst row of the table),
the empirical alpha error is estimated as 3%, which is reasonably
close to the expected value of 5%. When the alternative hypothesis
is true (i.e., second row of the table), statistical power is estimated
to lie at 59%. This result shows that the effect size in our artiﬁcial
example is large enough to detect it in the small data set with intermediate (but not with good) power.
Importantly, this Bayesian calibration analysis is different from a
standard frequentist simulation analysis of the a and b errors. In
this Bayesian analysis, we assume uncertainty about the exact effect
size because the priors are speciﬁed as distributions. In frequentist
analyses, one usually assumes a single ﬁxed effect size and computes a and b errors for exactly this effect size, possibly without
considering uncertainty that exist about the precise effect size.
The results from the calibration analyses show similarities and
differences in the calibration between the Bayesian decision rule
and corresponding frequentist null hypothesis signiﬁcant testing.
The Bayesian and frequentist decisions were similar as both had a
fairly good chance of detecting a true H1 from the data (for the
Bayes factor decision: 48%; for the posterior probability decision:
67%; for the frequentist decision: 59% of the true H1 were
detected). However, by construction the Bayes factor decision rule
distinguishes between cases where there is no evidence and cases
where support for H0 can be observed. The Bayes factor decision
rule (BF10 , 1/10) provided correct support for H0 in 13% of the
simulations, which is very low sensitivity for detecting a null hypothesis. The frequentist analysis (and the decision rule based on
posterior probabilities) by construction does not distinguish
between situations of “no evidence” versus “evidence for H0.”

Principled Decisions Using Utility Functions
The decision-rules that we have studied in the previous sections
(based on Bayesian and frequentist analyses) relied on conventions
about thresholds that would determine a decision, for example, on
whether to declare discovery. However, as noted before, these
conventions provide no principled approach on how to perform
decisions in a Bayesian setup. Utility functions can be deﬁned to
specify the value of the consequences that originate from a given
decision rule. Utility refers to the value that is associated with possible choices under given truths. The threshold we used above, that
is, to choose the model with the highest posterior probability, is optimal if all of the possible decision-truth combinations have equal utility. However, in practice, the different combinations may have
different utilities, which necessitates the deﬁnition of utility functions.
Here we deﬁne an exemplary utility function to support discrete
decision-making. Let’s assume that we make a decision between two
options: claiming a discovery or not claiming a discovery. Then let’s
assume that a true discovery (TD) has utility of UTD = 10 and that

Table 7
Percentages of Supported Decisions (No Discovery, Discovery)
as a Function of Which Hypothesis Was True in the Simulations
(H0 versus H1)

Table 8
Percentages of Supported Frequentist Decisions (Don’t Reject
H0, Reject H0) as a Function of Which Hypothesis Was True in
the Simulations (H0 versus H1)

True hypothesis

No discovery

Discovery

True hypothesis

Don’t reject H0

Reject H0

H0
H1

0.91
0.33

0.09
0.67

H0
H1

97
41

3
59
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failing to claim a true discovery (i.e., a false negative, FN) has utility
UFN = –5. Moreover, we assume that a false discovery (FD) has utility (loss) of UFD = –50, whereas a correct negative result (true negative, TN) has utility UTN = 5. These numbers seem rather arbitrary
for the kind of basic research applications in the cognitive sciences
that we have in mind. A key problem here is that it is not clear how
to choose these numbers appropriately. However, thresholds for pvalues or for labeling results from Bayes factor analyses are also arbitrary, and are only ﬁxed by convention. Importantly, such threshold
conventions deﬁne implicit utility functions, which may or may not
be relevant to a given problem. Utility analyses explicitly quantify
the consequences of different possible actions. Speciﬁc utility functions could be agreed upon by research communities. One problem
with utility functions is that it is currently unclear what procedure
could be used to quantify such utilities. That is, how can we quantify
the utility of a false positive published ﬁnding, for example, measured by the number of false citations. Research is needed in the cognitive sciences to investigate how utilities can be quantiﬁed and
linked to evidence, yielding procedures for their deﬁnition. Alternatively, given that clear and good utility functions are hard to derive,
one viable approach is to not make any decisions, but rather to communicate continuous evidence.
Next, we can compute the average expected utility given a certain
decision threshold. For this, we deﬁne an index matrix TA (“truthaction”), where each column indicates one combination of truth and
actions. For example, Column 1 would indicate all cases in the simulations where H0 was true (i.e., the data was simulated based on H0),
and the decision procedure decided to claim discovery (i.e., false discovery). Column 2 would indicate cases where H0 was true and no
discovery was claimed (true negative). Column 3 would indicate
cases where H1 was true and discovery was claimed (true discovery),
and Column 4 indicates cases where H1 was true and no discovery
was claimed (false negative). Each row of the index matrix TA corresponds to one simulated data set from the SBC, and for each simulated data set the matrix indicates via a 1 which truth-action
combination was realized in the SBC simulations with a given decision-rule, whereas all other truth-action combinations are marked
with a 0. Table 9 shows the ﬁrst rows of the index matrix TA.
Moreover, we deﬁne a vector of utilities u for these four different
possible truth-action combinations: u = {–50,5,10,–5} (see Table
10). Based on these deﬁnitions, we can now compute the average
expected utility (averaged across all N simulated data sets) as:
average expected utility ¼

N
N X
4
1X
1X
TA 3 u ¼
TAn;j  uj
N n¼1
N n¼1 j¼1

(10)
In this example, the average expected utility for a decision-rule
that chooses the hypothesis with the highest posterior probability
is 2.50. Here, we used the posterior probabilities for decision making. An alternative approach is to use decision rules based on
Bayes factors instead. Let’s use the threshold BF10 $ 10 for a discovery claim. Based on this new discovery threshold, we can compute a new index matrix TA, where for each data set there will be a
new decision about whether discovery will be claimed (BF10 $
10) or not (BF10 , 10). We again use the same utility function as
used before (see Table 10). Based on this TA matrix and utility
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Table 9
First 10 Rows of the Truth-Action Matrix TA, Which Codes the
Combination of the True Hypothesis (H0 versus H1) and the
Action Taken (Declare Discovery Versus Declare No Discovery)
for Each Simulated Data Set
Data
1
2
3
4
5
6
7
8
9
10

True H0/
discov.

True H0/no
discov.

True H1/
discov.

True H1/no
discov.

0
0
0
0
0
0
1
0
0
0

1
1
1
1
1
0
0
1
1
1

0
0
0
0
0
1
0
0
0
0

0
0
0
0
0
0
0
0
0
0

function, we can again compute the average expected utility, now
for this new decision-rule.
Now, the expected average utility is 3.56 and thus higher than
before. We can vary the discovery (Bayes factor) threshold to select
the threshold with the highest average utility. This means that we can
try out different threshold values and compute the average expected
utility based on each threshold. Ideally, we should choose a threshold
for discovery that provides maximal utility, averaged across all simulated data sets. We perform this analysis here: We choose a lot of different values for the discovery thresholds (i.e., Bayes factor
thresholds varying from 1 to 100) and compute the average utility for
each of these discovery thresholds. The results from this analysis are
shown in Figure 12. They show that for decision-rules using a low
value for the Bayes factor threshold, the average utility is low. Intuitively, this means that if we claim discovery based on very little evidence (e.g., BF10 . 2), we have low utility because there might be a
high chance of a false discovery, and a low chance for a true negative, which yields low utility. The largest average utility is obtained
for a Bayes factor threshold of 7. For thresholds larger than 7, average utility declines again. Intuitively, average utility may be low
because if we use a very high discovery threshold, then we have a lot
of false negatives, and only few true discoveries, which on average
again yields low utility.
Based on this analysis, one could thus call a discovery when the
Bayes factor reaches a value of at least 7. In this case, the number
of false positives and false negatives is likely low, while the number
of true positives and true negatives is still high. That is, this yields
an optimal policy for deciding on discovery given the utilities speciﬁed above and given the simulated data sets, models, and priors.
The TDR and FDR for this threshold are shown in Table 11. The
results are very close to the results with a Bayes factor threshold of
10. Again, the FDR is 0. However, the TDR is now a bit larger and
takes a value of 52%. Note that while analysis of TDR and FDR
provide a good ﬁrst approach, more elaborate rates can be deﬁned
when a “no decision” option is possible.

Discussion
We provided a discussion of the Bayesian quantiﬁcation of evidence in favor of one of two alternative hypotheses and investigated
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Table 10
Utilities for the Four Truth (H0/H1)—Action (No/Discovery)
Combinations
u
50
5
10
5

the performance of Bayes factors with respect to prior assumptions,
effective sample size, simulation-based calibration, data variability,
and utility functions. We implemented competing hypotheses in hierarchical Bayesian models using the R package brms, and tested
these hypotheses against each other by estimating Bayes factors
approximately using bridge sampling.
The results illustrate the strong dependence of Bayes factors on
the prior assumptions, which calls for the use of (a) (weakly) informative priors (Schad, Betancourt, et al., 2021), and of (b) prior
sensitivity analyses, to investigate Bayes factors for different prior
assumptions about the size of the effect. Our results moreover
illustrate challenges and limitations in the performance of Bayes
factor analyses. First, we studied theoretical aspects of Bayes factor estimation. We showed that Bayes factors can be estimated in
an unstable way because a very large effective sample size (of the
MCMC sampler) is needed in order to obtain stable results from
the bridge sampling algorithm. Moreover, we noted that even if
Bayes factor approximations are stable, because bridge sampling
does not come with strong guarantees, it is unclear whether approximate Bayes factor estimates are accurate, that is, whether approximate Bayes factor estimates correspond to the true Bayes
factor. We showed how simulation-based calibration can be used
Figure 12

Utility for Claiming Discovery as a Function of the Critical BF
Cut-Off

3.6

Average utility
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True H0, discovery claim
True H0, no discovery claim
True H1, discovery claim
True H1, no discovery claim

3.2

to investigate whether Bayes factor estimates are accurate for a
given application case (i.e., model, priors, and experimental
design). Our results moreover showed that if the model is misspeciﬁed (leaving out random slopes), then posterior inference is
incorrect, echoing the conclusions in Barr et al. (2013) for frequentist linear mixed models.
Second, analyses of artiﬁcial and of real replication data showed
that the results from Bayes factor analyses—just like p-values in
frequentist analyses - can considerably vary across different
repeated replication attempts. However, for a range of different
real empirical studies, the results also show some robustness
against drawing strong conclusions. This suggests that some typical linguistic or psychological experiments may not be sufﬁciently
powered to provide strong evidence for or against the small effect
sizes that may be realistic to expect and that are of theoretical interest. Importantly, using Bayesian statistics and the Bayes factor
does not solve this problem because low-powered studies will
most likely yield inconclusive results in a Bayes factor analysis.
As with frequentist approaches, for Bayesian analyses studies with
larger sample sizes or stronger effect sizes may therefore also be
needed, for example by sharing data across labs and through metaanalyses, to overcome such situations of low power.
Third, we studied decision making based on Bayesian analyses
and saw how decisions can widely vary with the data. We discussed some heuristics for performing decisions, and illustrated
how utility functions can be used to obtain optimal decisions.
Based on these challenges to the robustness of Bayes factors
and the resulting inferences and decisions, we formulated a Bayes
factor workﬂow, where simulation-based calibrations can be used
to investigate these different issues for a given application case.
This workﬂow then allows us to judge the extent to which inferences and decisions based on Bayes factors are robust for the
given application case.
Taken together, in principle Bayes factor analyses provide a
useful tool that can be used to investigate evidence for different
hypotheses in the cognitive sciences. We showed how Bayes factors can misbehave based on estimation error, data variation, and
poor Bayesian decision-procedures, partially reﬂecting that fact
that widespread limitations in experimental design can also limit
the conclusions that can be drawn based on individual data sets.
We propose a Bayes factor workﬂow to identify these potential
problems for a given application case. When used with care and
appropriately calibrated, Bayes factors provide a useful approach
for quantifying evidence and supporting decision-making on discovery claims in the cognitive sciences. At least in the types of
data that we have investigated here, the Bayes factor cannot in
general be used as a blunt instrument like the p-value, with some
default prior speciﬁed for the target parameter.

2.8

1

3

6

10

30

100

BF threshold
Note. Note that with more (than 500) simulations, the line should become
smooth.

Table 11
Percentages of Supported Decisions (No Discovery Claim,
Discovery Claim) as a Function of Which Hypothesis Was True
in the Simulations (H0 Versus H1), for an Optimal Discovery BF
Threshold
True hypothesis

No discovery

Discovery

H0
H1

100
48

0
52
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